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ABSTRACT 

A p e r m u t a t i o n  group G of finite degree d is called a sharp  p e r m u t a t i o n  

group of type  { k}, k a non-negat ive  integer, if every non- ident i ty  e lement  

of G has  k fixed points  and  (G I = d - k .  We character ize  sha rp  non-abel ian  

p-groups  of type  {k} for all k. 

1. I n t r o d u c t i o n  

Let G be a permutation group of finite degree d and let k be a non-negative 

integer. G is called a permutation group of type {k} if every non-identity element 

of G has k fixed points; a group of type {k} for some positive integer k is called 

a group of finite type. G is called a s h a r p  p e r m u t a t i o n  g r o u p  of  t y p e  {k} 

if it is a group of type {k} and [G] = d - k (see [3]). Fron4 the Orbit Counting 

Lemma ([3, Theorem 2.2]) it follows that a permutation group of type {k} is 

sharp if and only if it has exactly k + 1 orbits. For example, each non-trivial 

pernmtation group with k global fixed points and one regular orbit is a sharp 

permutation group of type {k}. Moreover, a sharp pernmtation group of type {k} 

which has h _< k global fixed points is isomorphic to a sharp pernmtation group of 

type {k - h}. Therefore, to avoid trivialities we consider only sharp pemmtat ion 

groups without global fixed points and regular orbits and we call them sharp 

i r r e d u n d a n t  (permutation) groups of type {k}. Note that the absence of regular 

orbits forces k to be positive. 

Finite groups admitting a faithful representation as sharp irredundant per- 

mutation groups of finite type have been investigated in [4] and [5]. A complete 
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description is given, except for the case when G is a non-abel ian p-group,  in which 

case only sharp  i r redundant  non-abel ian p-groups of type  {p} are characterized.  

In this pape r  we complete  the classification of sharp  i r redundant  non-abel ian 

p-groups of type  {k} for all k. We prove the following result. 

THEOREM 1: Let G be a finite non-abelian p-group. Then G has a faithful 

representation as a sharp  irredundant group of type {k}, for some k such that 

pn _< k < pn+l ,  if  and only if it has the following properties: 

(i) G/G I is an elementary abelian p-group of order p2n; 

(ii) there exists a subgroup N >_ G' of index pn such that for each g E G \ N,  

g has order p and ICN(g)I = pn, 

(iii) for each g c G \ N there exists a complement A 9 for N in G such that 

g E Ag and: 

(a) the elements of the set  {A 9 I g C G} split into pn conjugacy classes; 

(b) the set 7c = ( A g a ' / a l  l g c a \ N )  u {N/G '}  is a partition of G/G' .  

Recall t ha t  a p a r t i t i o n  of a group G is a set 7r of non-tr ivial  subgroups of G 

such tha t  each non-identi ty element of G belongs to exact ly  one of them.  The  

elements of 7r are called components .  7r is n o n - t r l v l a l  if each component  is a 

proper  subgroup,  lr is n o r m a l  if x g  E 7r for each X C 7r, g E G. For basic 

concepts  and results on groups with par t i t ion  we refer to [8]. 

By Theorem 1 in [4] a necessary condition for a finite group to have a faithful 

representa t ion as a sharp i r redundant  group of finite type is to have a non-tr ivial  

normal  part i t ion.  Therefore,  all groups considered in this paper  are groups with 

a non-tr ivial  normal  part i t ion.  Recall tha t  a finite p-group G has a non-tr ivial  

normal  par t i t ion  if and only if it has a proper  normal  subgroup N such tha t  every 

element outside N has order p (see [8]). When  G is a finite non-abel ian 2-group, 

such an N, when it exists, has index 2 in G. Thus  Theorem 8 in [4] implies tha t  

a finite non-abel ian 2-group has a faithful representat ion as a sharp  i r redundant  

group of type  {k} if and only if it is a dihedral  2-group and k = 2. 

Fur ther  informat ion on the s t ructure  of sharp i r redundant  non-abel ian p-groups 

of finite type,  p > 2, are collected in the following theorem. 

THEOREM 2: Let G be a sharp irredundant non-abelian p-group of finite type 

{k} on a set ft, p > 2. Let [G : G'[ = p2n and let c be the nilpotency class of G. 

Then: 

(i) 17 (a): = for  all i =  2 , . . .  , c -  1 and 17 (a)l <_ pn;  

(ii) the lower central series and the upper central  series of G coincide; 

(iii) for every normal subgroup H of G there exists an index i such that 

7i+1(G) <_ H <_ "Ti(G); 
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(iv) for every normal subgroup H of G such that H <<_ Gq the quotient group 

G / H  acts on the set of  the H-orbits o f ~  as an irredundant sharp group of 

type { k }. 

Note that condition (iii) in Theorem 2 says that G is a normally constrained 

p-group (see [2]). 

About possible values for k, it is immediate to see that when G is a sharp 

p-group of type {k}, then p divides k. When G is non-abelian, if p = 2, as we 

observed above, k = 2; if p is odd, possible values for k are given by Theorem 2. 

THEOREM 3: Let G be a finite non-al)elian p-group, p > 2, and suppose that 

G has a faithful representation as sharp irredundant group of  type {k}. Let 

[G : G'I = p2,,. Then k = p'~ + [Tr I - 1, for some partition rr of  an elementary 

abelian p-group of order pn Moreover, for each partition 7r of an elementary 

abelian p-group of  order pn G has a faithful representation as a sharp in'edundant 

grol,i) or tyl)e {p'~ + I~1- 1}. 

In Section 5 we construct some examples of irredundant sharp non-abelian p- 

groups of finite type. Moreover, we determine all non-abelian p-groups of order 

at most p5 p > 2, with a faithful representation as an irredundant sharp permu- 

tation group of finite type. Furthermore, we show that the values of k < p5 for 

which there exists an irredundant sharp non-abelian p-group of type {k}, p > 2, 
are: p, p2p2 + p, pa,p3 + p2p3  + p2 + p, p4 and p4 + p3 + p2 _ (m -- 1)p, for 

1 _< m < p2 + 1. 

NOTATION. Let G be a group. If Pi, i : 0 . . . . .  'r are permutation representations 
r 

of G on some sets fti, we denote by Y~i=0 Pi the pernmtation representation p of 

G on the disjoint union ft = Ui=o i defined by the position ago = cvg o~ ifw E fti, 

g E G. Moreover, we denote by Px the standard permutation representation of 

G on the right cosets of the subgroup X. 

2. S o m e  genera l  proper t i e s  

Let G be an irredundant group of type {k} on a set ~. By Theorem 1 in [4] 

the non-trivial stabilizers of the subsets of ~ of size k form a non-trivial normal 

partition of G denoted by 7r~. If G is a p-group, then Z(G) ¢ 1 and so, by 

Lemma 3.5.4 in [8], any non-trivial normal partition of G contains at least one 

component that is a normal subgroup of G. 

LEMMA 4: Let G be a group with a non-trivial partition zr such that every 

component of  Tr is a normal subgroup of  G. Then G is abelian. 
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Proo~ If  X and Y are distinct components  of 7r, then trivially [X, Y] _< X R}" = 

1. Therefore, we need only show tha t  each component  is abelian. So let X Elr ,  

x , y  • X and choose z ¢f X.  Then  zx ~ X and so [z,y] = 1 = [zx, y], thus 

[ , x ,  y] = [x, = 1 as  c l a i m e d .  . 

PROPOSITION 5: Let G be a finite group acting faithfully as an iIwedundant 

group of type {k} on a set ~. Let N be a normal component of ~r~ and let Z be 

a central subgroup of G contained in N. Then G / Z  acts faithfully as a group of 

type {k} on the set f t / Z  of the Z-orbits of ft. Moreover: 

(i) if  Z ~ N,  then the action of  G / Z  on f t / Z  is irredundant; 

(ii) if  G is sharp on f~ and G is non-abelian, then G / Z  is sharp with no regular 

orbits on ~2/Z; 

(iii) if  G is sharp on f~ and either Z is properly contained in N or Z < G ~, then 

G / Z  acts on ~ / Z  as a sharp irredundant group of type {k}. 

Proof: First of all note tha t  any stabilizer in G of a point of ~2 either contains 

N (and so Z), or intersects N (and so Z) trivially. Hence Z acts on each G-orbit  

either trivially or semi-regularly. Moreover, by definition, N is the intersection 

of the stabilizers of the points tha t  are trivial Z-orbits.  

Let us prove tha t  Z is the kernel of the action of G on ~ / Z .  Clearly Z is 

contained in the kernel. Conversely, let x C G act trivially on ~ / Z .  Then,  

in particular,  x fixes all the points of ~t tha t  are trivial Z-orbits;  thus x E N.  

On the other hand, x leaves invariant all the regular Z-orbits.  Thus if w Z is a 

regular Z-orbit ,  then ~x  = ~z  for some z E Z, tha t  is xz  -1 C Stc(w).  Thus 

xz  -1 E S t G ( ~ ) n N  = 1 and x E Z. Hence G / Z  acts faithfully on ~ / Z  as claimed. 

Let us prove now tha t  every non-identi ty element of G / Z  has k fixed points  

on ~ / Z .  Let gZ C G/Z ,  g ~ Z, let F be the set of points of D tha t  are trivial 

Z-orbi ts  fixed by g and set IF[ = h. We need to show tha t  the number  of regular 

Z-orbi ts  fixed by g is exactly k - h. A regular Z-orbi t  wz  is fixed by gZ if and 

only if ~g = ~zz for some z C Z, tha t  is w is fixed by some element t of gZ. In 

such a case, t acts trivially on w z.  Moreover, since w z is a regular Z-orbit ,  w 

cannot  be fixed by two distinct elements of gZ. Thus distinct elements of gZ 

can act  trivially only on distinct regular Z-orbits.  Since any element of gZ has 

k fixed points in ft and acts trivially on F, it acts trivially on (k - h) /[Z I regular 

Z-orbits.  Hence the number  of Z-orbits  tha t  are fixed by gZ is 

h+ Z - h +  Ik hi = k 
zEZ 
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as claimed. 

Let us study now regular orbits and global fixed points in D/Z. Suppose that  

A / Z  c f t /Z  is a G/Z-regular orbit. Then, since G does not have regular olbits 

on ft and Z acts on each G-orbit  either trivially or semi-regularly, Z must act 

trivially on A. Thus IAI = IzX/Zl = IG/ZI. Hence Z is the stabilizer of every 

point of A. In particular, Z = N. On the other hand, suppose that  coz C f t /Z 
is a global fixed point for G/Z. Then, since G does not have global fixed points 

in ft, coz is a regular Z-orbit  in ft and so Sta(co) C/Z = 1. Moreover, StG(co) 

intersects non-trivially every eoset of Z. Thus Stc(co)Z = G and, since Z is a 

central subgroup of G, G ~ < Sta(co). 

By the previous discussion about global fixed points and regular orbits in 

f~/Z, (i) follows at once, since if Z ¢ N, then no stabilizer of a point of ft is a 

complement for Z in G. 

To prove (ii) note that  if G is sharp, then G/Z is sharp on D/Z as well, since 

G/Z is of type {k} and the number of orbits did not change. Thus if A / Z  c_ f t /Z 
is a regular orbit for G/Z, then since every non-identity element of G/Z moves 

exactly IG/ZI points, all the points outside A / Z  are global fixed points. Hence by 

what we have seen above, Z = N is a point-stabilizer and every point-stabilizer 

distinct from Z is a normal subgroup of G. So every component of the parti t ion 

~rfl is normal. Hence, by Lemma 4, G is abelian: a contradiction. This proves 

(ii). 
To prove (iii), note that  if Z < N the result follows from (i) and from the fact 

that  G/Z is sharp on ~/Z,  provided G is sharp on ft. If  Z _< G',  then we may 

assume G ~ ¢ 1, otherwise Z = 1 and there is nothing to prove. Hence by (ii), 

G/Z has no regular orbit. If  it has a global fixed point c~ z, then G'  _< Stc.(co) 

and Z = Z N Stc,,(co) = 1: a contradiction. So (iii) holds. | 

Remark: Note that. in the hypothesis of Proposition 5(iii), when Z is a proper 

subgroup of N we have that  N/Z  is a normal component of 7rfl/z. In fact, let 

A C_ ft be the set of the k points fixed by N. Since Z <_ N, every point of A is 

a trivial Z-orbit  and so A / Z  is a subset of f~/Z of size k. The stabilizer of A / Z  
is N/Z. 

LEMMA 6: Let G be an irredundant group of type {k} on a set ft and let N be 
a component of Tra. Then ION(g)[ <_ k for each g ~ N. 

Proo£" Let, g ¢ N. Then there exists co E f~ such that  Stc(co) N N = 1 and g E 

Stc(co). Clearly cot1 5£ cot2 for every tl,t2 E CN(g), tl 7 L t2, and cotg = cogt = cot 
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for every t E Cg(g).  Since g has k fixed points in ft, it follows that  ICN(g)] < k. 
| 

3. Extra-special  ]>-groups 

In this section we consider the particular case of extra-special p-groups and p- 

groups with derived subgroup of order p, for odd primes p. It  is well known that  

an extra-special p-group of exponent greater than p does not have a non-trivial 

partition. Thus it cannot be faithfully represented as a sharp irredundant group 

of finite type. 

THEOREM 7: Let G be an e.xtra-special p-group of order p2n+l, n > 1, p > 2, 

and exponent p. Then G call be faithfully represented as a sharp irredmldant 

group of type {k} i f  and only if  k = p" + h, where either h = 0 o1" {h} is the type 

of a sharp irredundant elementary abelian p-group of order p ' .  

Moreover, if  G acts on a set fi as a sharp irredtmdant group of type {p" + h}, 

then ~r~ contains a lmique normal component N which is an abelian group of 

order p n + l  every point-stabilizer not containing N is an abelian complement of 

N and every point-stabilizer containing N is either N itself when h = 0 or the 

preimage, via the natural epimorphism of G onto G/N ,  of a point-stabilizer of a 

faithful representation of G / N  as a sharp irredundant group of type {h}. 

Proof: Let G be an extra-special p-group of exponent p and order p2 ,+1  n _> 1, 

p > 2. The elementary abelian p-group V = G/Z(G)  may be regarded as a 

sympleetic space of dimension 2n over the field with p elelnents ]Fp with respect 

to the form f : V x V --+ Fp, ( xZ(G) , yZ(G) )  ~-~ [x,y]. It  is well known that  

there is an Fp-isomorphism of the symplectic space W of dimension 2 over the 

field with p" elements onto V, mapping totally isotropic subspaces into totally 

isotropic subspaees. Thus the set of images of Olin-dimensional subspaces of 

W is a partition 7r of I r consisting of lnaxinlal totally isotropic subspaces. Let 

Ao = N, A~ . . . . .  Av,, be the full preimages of the elelnents of rr with respect 

to the natural  projection of G onto V. Then any Ai is an elementary abelian 

/)-group and Ai N Aj = Z(G) for each i ¢ j .  For i = 1 . . . . .  pn, let Xi be a 

complement of Z(G) in Ai. Clearly N c ( X i )  = Ai, so that  X i has pn conjugates. 

Moreover, every conjugate of Xi is a maximal subgroup of Ai not containing 

Z(G).  Since Ai has p'* + pn-1 + . . .  + 1 maximal subgroups and those containing 

Z(G) are p , -1  + p , - 2  + . . .  + 1 in number, it follows that  the conjugates of Xi are 

exactly the lnaxinml subgroups of Ai not COlltainillg Z(G). Thus any element of 

Ai \ Z(G) is contained in p,,-1 conjugates of Xi. Clearly Xg fl X~' = 1 for all 
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g, h E G, i ¢ j .  Hence if g E Ai \ Z(G), i ¢ O, then gpXi has p'* fixed points,  

while 9PxJ, j ¢ i, and gPN act fixed-point-freely. If  1 ¢ g E N,  then g oN has 

p"  fixed point, s and gPXi acts fixed-point-freely for every i = 1 , . . . , p n .  Hence 
p "  

P = PN + ~i=t  Px~ is a faithful representat ion of G as a sharp i r redundant  group 

of type  {pn}. 
7t~ If  a = }-~i=1 PM,/N is a faithfifl representat ion of GIN as a sharp i r redundant  

71~, ;0 n 
group of type  {h}, then p = ~ i = a  PM~ + ~ = ~  PX, is a faithful representat ion of 

G of type {p" + h}. In fact, if 1 ¢ 9 E N,  then 9PM~ is the identi ty for every 

i = 1 . . . . .  m and 9 px~ a c t s  fixed-point-freely. Hence 9 p has as m a n y  fixed points 

as the degree of the representat ion a,  tha t  is IG/NI + h = pn + h. If  9 ¢ N then 

9 E Mj if and only if gN c Mj/N.  Thus, since Mj is a normal  subgroup of G, 

gpMj has [G : Mjl fixed po ims  if gN G M j / N  and none otherwise. Therefore 

g~}'L~ pM~ has as m a n y  fixed points  as the number  of fixed points  of (9N) °, t ha t  

is h. Hence gO has p"  + h fixed points, as claimed. 

Now let p be a faithful representat ion of G as a sharp i r redundant  group of 

type  {k} on a set f2. Since IG'I = p, G'  acts on each orbit  either tr ivial ly or 

semi-regularly. Let O be an orbit  on which G ~ acts semi-regularly and let X be 

the point-stabi l izer  of a point  in O. By Proposi t ion  5(iii), G/G ~ acts  on fl/G ~ as a 

sharp i r redundant  group of type  {k} and so, by the result in [5], the lengths of the 

G/G'-orbits on f2/G ~ are the orders of the components  of a non-tr ivial  par t i t ion  

of G/G'. Since IG/G'I -- p2~, the m a x i m u m  of such orders is p'~. Clearly, O/G ~ 
is a GIG'-orbit in [2/G' of length IOl/p.  Thus  IO[/p <_ pn and IOl _< p'+a, t ha t  

is IX I _> p'~. On the other  hand, X is an abel ian subgroup of G not containing 

G t and so it has order at  mos t  p'~. Hence IXI = p ' ,  t ha t  is every orbit  in f~ on 

which G ~ acts senti-regularly has length p,~+l. Since every non-identi ty element 

of G moves exact ly  [G[ points  in [L if a denotes the number  of orbits  on which 

G t acts semi-regularly, we have tha t  ap n+l = [G[, and so a = p'. 

Now let N be the normal  component  of rra containing Gq Since G r -- Z(G) 
is contained in every non-tr ivial  normal  subgroup of G, it is clear t ha t  N is the 

unique normal  component  of 7rn. Moreover,  since by definition of N,  N A X = 1 

for each point-stabi l izer  X not containing G ~, we have tha t  INI _< p'+~. On 

the other  hand,  every element outside N belongs to some point-stabi l izer  not 

containing Gq Moreover,  if X is a point-stabi l izer  not containing G ~, then every 

conjugate  of X is contained in XG'. Therefore  we must  have IG\N I <_ IXG'\G'Ia, 
that, is p2,~+l  _ INI < ( p n + l  _ p)p,~, whence INI > p,~+a. Thus  INt = p , + l .  

Now we want  to show tha t  every element outside G ~ fixes exact ly  p" point.s 

in those orbits  on which G '  act.s semi-regularly. So let. X be a point-stabi l izer  
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not containing G'.  Then X G  ~ is an abelian subgroup of order pn+l. We clainl 

that  X G '  = N a ( X ) .  In fact if NG(X)  > XG' ,  then there exists a subgroup H 

such that  X < H <_ N a ( X )  and IH : X[ = p2. Hence H '  _< X n G'  = 1 and H 

is abelian: a contradiction since G does not contain abelian subgroups of order 

pn+2. Thus X G '  = N a ( X )  and X has f f  conjugates. The argument used in the 

first part  of the proof for detecting the conjugates of Xi applies here and shows 

that  X G '  \ G' = [,.JgeaX g \ {1}. Then by a counting argument it follows that  

a non-identity element of X is contained in p~ - I  distinct conjugates of X and 

cannot be contained in any point-stabilizer not containing G'  and non-conjugate 

with X.  Hence a non-identity element of X fixes exactly pn points in those orbits 

on which G'  acts semi-regularly. Thus if N is a point-stabilizer, then k = p~ and 

we are done. If N is not a point-stabilizer, let S1 , . . . ,  St be the point-stabilizers 
t containing N. If X is a point-stabilizer not containing G',  then T = ~ i = l  Pxn& 

is a faithful representation of X as an irredundant group of type {k - pn} and 

the number of orbits is t = k + 1 - p~. Since X N  = G the thesis follows. | 

Remark: Let A be an elementary abelian p-group of order pn. Then by [5] every 

faithful representation of A as a sharp irredundant group of type {h} is such that  

there exists a partition 7~ of A with h = Ir~l - 1. Since the maximum number of 

components of a parti t ion of A is (p~ - 1)/(p - 1), we have that  h is at most 

p n - 1  +pn-2  -V "'" -Vp.  Therefore from Theorem 7 it follows that  if G is a sharp 

irredundant extra-special p-group of order p2n+l and exponent p > 2 of type {k}, 
then pn < k <_ pn _}_ pn--1 + . . . + p < pn+ l. 

PROPOSITION 8: Let p be an odd prime and let G be a finite p-group with 

IG'I = p. If  G has a faithful representation as a sharp irredundant group of finite 

type, then G is an extra-special p-group of exponent p. 

Proof: Let G be a finite p-group with [G'] = p and let us assume that  G has a 

faithful representation as a sharp irredundant group of finite type {k} on a set 

ft. Then G has a non-trivial partition and so it is generated by elements of order 

p. Since it has class 2, it has exponent p. Therefore, in order to prove that  G 

is an extra-special p-group of exponent p it is enough to show that  Z(G) = G'. 

In order to obtain a contradiction, suppose that  Z(G) > G' and choose G of 

minimal order with this property. 

Let Z be a central subgroup of order p, Z # G'.  Then the component of 7~ 

containing Z is normal in G and so, by Proposition 5(ii), G / Z  acts faithfully as 

a sharp group of type {k} on the set of all Z-orbits gt/Z, without regular orbits. 

Hence it has a faithful representation as a sharp irredundant group of type {h}, 
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with 0 < h < k. Since I(G/Z)'I = p, the minimality of IGI implies that  G/Z 
is an extra-special p-group. Set IG/Z I = p2n+l whence IGI = pSn+2. Then, 

by Theorem 7, ~/Z contains at most p~ + 1 G/Z-orbits of length greater than 

or equal to p~. Clearly, if X is a point-stabilizer not containing G',  then X is 

abelian. So XZ/Z  is an abelian subgroup of the extra-special p-group G/Z, and 

thus must satisfy [XZ/Z I <_ p~+l and [XZ/Z I < p'~ if further G'Z/Z ~ XZ/Z.  
Now i f X f l Z  = 1, then clearly we have that  IXI < p,~+l. If X > Z, then 

G'Z/Z ~ XZ/Z,  since G'  :~ X. Thus in both cases, IXI _< pn+l. Hence the 

orbits on which G'  acts semi-regularly have length at least p ~ + l  

By Proposition 5, G/G' acts on ~/G' as a sharp irredundant group of type 

{k}. By the result in [5] the lengths of the orbits of a sharp irredundant abelian 

group correspond to the sizes of the components of a non-trivial partition of the 

group itself. Therefore, since IG/G'I = p2~+l, we have that  G/G' may have at 

most only one orbit on ~/G' of length greater than pn+l. Therefore, among the 

G-orbits on which G'  acts semi-regularly, at most only one of them has length 

p~+2 and all the others have length p,~+l. 

Let a be the number of orbits of length p~+l on which G'  acts semi-regularly. 

Then, since every non-identity element of G moves exactly IGI points, by counting 

the points moved by a non-identity element of G' ,  we have that  ap n+l + p~,+2 _> 

p2~+2, whence a _> pn+l _ p. Thus we have that  G/Z acts on ~t/Z with at least 

pn+l _ p orbits of length at least p~: a contradiction. | 

4. P r o o f s  o f  t h e  m a i n  re su l t s  

In this section we prove Theorem 1, Theorem 2 and Theorem 3. 

Proof of Theorem 1: Let G be a finite non-abelian p-group. First we prove that  if 

G satisfies conditions (i) (iii) in Theorem 1, then G has a faithful representation 

as a sharp irredundant group of type {pn}. Namely, we claim that  if X is a set of 

representatives for the eonjugacy classes of the subgroups Ag, g G G \ N, defined 

in (iii), then p = p~ + ~-]~x~x Px is a faithful representation of G as a sharp 

irredundant group of type {p" }. 

It is immediate that  p is faithful and irredundant. Moreover, [A'[ = p~ by 

condition (iii.a); so the number of orbits of p is p ~ +  1. Hence we need only prove 

that  p is of type {p" }. First note that  if X, Y E ,1" and X # Y, then X N y a  = 1 

for a l l a  E G. In fact, if we suppose that  X N Y ~  # 1 for some a C G, then 

XG' N YG' > G' and so XG' = YG', since by (iii.b), XG'/G' and YG'/G' are 

components of the partition 7c of G/G ~. Then 7~ has at most p" components, each 

one of order pn: a contradiction since G/G' has order p2,~. 
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Now let. g c G \ N and let X E X be such that  g belongs to a conjugate of 

X. Actually, there is no loss of generality in assuming g E X.  By the previous 

observation gP acts fixed-point-freely on the right cosets of N and of Y, for 

X ~ Y C X. Therefore, the number of fixed points of gP is equal to the mlmber 

of the elements a E N such that  Xag  = Xa,  or equivalently g C X n X a. Now 

g C X N X a if and only if [g, a] E X a A G' = 1, that  is a E CN(g). Thus the 

number of fixed points of 90 is ICN(g)I = p n  by (ii). Trivially, if 1 ¢ g E N, 

then g o acts trivially on the right cosets of N and with no fixed points on the 

right, cosets of X, for X C X. Therefore p is of type {pn}, as desired. 

Now suppose that  G has a faithful representation as a sharp irredundant group 

of type {k} on a set ft, with p" _< k < p,+l.  I fp  = 2, then G has exponent greater 

than 2 since it is non-abelian and thus, by a result of Hughes [6], IG : H2 (a)[ = 2, 

where H2(G) is the Hughes subgroup of G (that is the subgroup generated by 

elements of order greater than 2). Then the result follows from Theorem 8 in [4]. 

So tbr the remainder of the proof we assume p > 2. We prove that  rra contains 

a unique normal component and G satisfies conditions (i)-(iii), where N is the 

normal component of ~ra and the set. of the complements A 9 for N in G is the set 

of all point-stabilizers not containing N.  If  IG'I = p, then by Proposition 8, G 

is an extra-special p-group and so by Theorem 7 we can conclude. In particular, 

we are (lone when Ial = p3. Hence we :nay assume that  Ial > p 3  iN, I > p and 

that  the claim is true for groups of order smaller than IGI. The proof is divided 

into many steps. 

(a) G/G t is an elementary abelian p-group of order p2,. 

Let M be a maximal sul)group of G',  normal in G. Then repeated applications 

of Proposition 5(iii) yield that  G / M  is a sharp irredundant group of type {k}, 

with derived subgroup of order p. So by Proposition 8 it is an extra-special p- 

group. Hence from Theorem 7 it. follows that  ( G / M ) / ( G ' / M )  is an elementary 

abelian p-group of order p2, and so the same holds for G/Gq 

(b) 7rfl contains a unique normal component N >_ G' such that IG : NI = p" and 

every point-stabilizer not containing N is a complement for N in G. 

Let Z be a subgroup of order p of G ~ N Z(G) and let. N be a component of 

7ra containing Z. Then N is a normal subgroup of G. Set G / Z  = G and for 

each subgroup R of G denote R = R Z / Z .  By Proposition 5(iii), G is a sharp 

irredundant p-group of type {k} on the set F = ~ / Z  of Z-orbits of f~. Moreover, 

since ]G'] > p, G is non-abelian. Then by the iuductive hypothesis the claim 

holds for G. Let M be the unique normal component of lrr. If  N ¢ 1, then 

by the Remark after Proposition 5, N is a normal component of ~rr. Thus the 
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_ _  _ _  D 

uniqueness of M implies that  either N = 1 or M = N. If  N -- 1, then there exists 

a point-stabilizer H in G containing N such that  H A M = 1. Since the clmm 

holds for G, H is abelian of order p' .  On the other hand, since any non-identity 

element of N fixes by right nmltiplication all the cosets of H,  ]G : H[ <_ k < p,~+l. 

Thus ]G[ < i )2". It  follows that  C, is abelian since [G : G'[ = p2~, by (a). A 

contradiction. Therefore M = N and so N is the unique normal component of 

7ra. Moreover, [G : N I = IG : N[ = p ' .  If  X is a point-stabilizer not containing 

N, then X is a point-stabilizer in G not containing N and so it is a complement 

for N in G. Hence X is a complement fox" N in G, as claimed. 

(c) For each g C G \ N,  ICN(9)I = p ' .  

Let G be as in the proof of (b). Let. g 6 G \ N. By Lemma 6, ICN (9)1 <- k and 

so ICN(g)] <_ P'.  On the other hand, p" = ICN(~)I by the inductive llypothesis, 

and by a result of I(hukhro ([7, Theorem 1.6.1]) ICy(y)l _< [Cu(9)l. Hence 

I c N ( g ) l  = p'~. 

(d) G has a faithful representation as an i~'ed'undant shaTp 9roup of type {p*'}. 

If k = p" there is nothing to prove. So suppose that  k ¢ p' .  To produce a 

faithfifl representation of G as irredundant sharp group of type {p '}  we want 

to replace the orbits on which N act.s trivially with a single orbit on which G 

acts as on the right cosets of N by right nmMplication. It  is trivial that  this 

procedure produce a faithfifl representation of G with p" + 1 orbits, in which 

every non-identity element of N has p'~ fixed points. Thus, we need only prove 

that  in the new representation also the elements outside N have p" fixed points. 

So let 9 ¢ N and let X be a point-stabilizer containing 9 and not containing N. 

By (c), ICN(9)I = p~" and so g fixes at. least p" points in the orbit ~z c;, where 

Sta(a~) = X. Since X N N  = 1, af; is a regular N-orbit.  To complete the proof we 

show that  9 fixes k - p" points in those orbits of ~ on which N acts trivially. Let 

M be a nmximal subgroup of G ~, normal in G. Then as in the proof of (a), G / M  

is an extra-special p-group of order p'),,+l acting as a sharp irredundant group of 

type {k} on the set ~ / M  of all M-orbits  of f~. By Theorem 7, 9M ¢ G / M  \ N / M  

fixes k - p" points in those G/M-orbits on which N / M  acts trivially. So 9 fixes 

t : -  p" points in those G-orbits of [~ on which N acts trivially. 

(e) The set rr = { . \ 'G' /G'IX is a point-stabilizer not eontaining N} U {N/G'}  is 

a partition of GIG ~. 

By (d) we may assume that  k = p' .  By Proposition 5(iii), GIG ~ acts on the 

set of all G~-orbits as a sharp irredundmlt group of type {p '}  and so every point- 

stabilizer is a component of a partition. Since the point-stabilizers in the action 

of GIG ~ on G~-orbits are of the fonn XG~/G ~ where X is the stabilizer of a point 



168 C. FRANCHI Isr. J. Math. 

of ft not containing N, or N / G  ~, the claim follows. 

To conclude the proof of the theorem it is enough to observe that  the number 

of eonjugaey classes of the point-stabilizers not containing N equals the number 

of G-orbits on which N acts non-trivially. Since by (d) we may assume k = pn, 

this number equals p~ and the claim follows. | 

Proo f  o f  Theorem 2: Let G be a sharp irredundant non-abelian p-group, p > 2, 

of type {k} on a set ft. Let c be the class of G and let IG : G'I -- p2n. Let N be 

the normal component of 7ra. Then by point (d) in the proof of Theorem 1 we 

may assume that  k = pn. Since %(G)  _< Z ( G )  ~ N ,  fl'om Lemma 6 it follows at 

once that  17c(a)l <_ pn. To show the remaining part  of claim (i) we prove first 

that 

(*) i f  X is a point-stabilizer not containing N ,  then X G  t acts on a subset of 

f t  as a sharp irredundant group of type {pn}. 

Let Y be a point-stabilizer not containing N, Y ¢ X,  and suppose that  X G  t N 

Y ¢ 1. Then X G  t N Y G  r > G ~ and, from point (e) in the proof of Theorem 1, 

it follows X G  ~ = Y G  ~, that  is Y <_ X G  ~. Moreover, Y is a conjugate of X, 

since each conjugacy class of point-stabilizers of G determines a component of 

the parti t ion 7r = { X G ' / G ' I X  is a point-stabilizer not containing N} U { N / G ' } .  

Thus X G  ~ acts regularly on all but one of the G-orbits of f~ on which N acts 

non-trivially. Namely, X G  ~ acts non-regularly on that  G-orbit of f~ whose point- 

stabilizers are conjugates of X. On that  G-orbit, X G  ~ acts with p~ orbits of 

length I X G ' :  X I = IG : X I / p  n. Since each G-orbit on which N acts trivially is 

also a non-regular XGt-orbit ,  we have that  X G  t has exactly pn + 1 non-regular 

orbits. Hence it acts as a sharp irredundant group of type {p'~} on the union of 

those orbits. 

Let us now prove that  

(**) for  each i = 2 . . . . .  c -  1, 17 i (G) :  ~/i+l(G)l = p~ and "/i-t-l(a) ~ -  

~/ i+I_j (XTj+I(G))  ]'or every point-stabilizer X not containing N and for  every 

positive integer j < i. 

Let us fix an i and suppose that  we have already proved the claim for every 

h < i. In particular, we have that  7h+t(G) = 72(X~h(G)) for every point- 

stabilizer X not containing N and for every positive integer h < i. Hence from 

(,)  it follows that  X~/~(G) is a sharp irredundant group of type {p '}  for each 

point-stabilizer X not containing N. Let L be a maximal subgroup of ?I+I(G) 

containing "fi+2(G). Since ")/i(G)/L is not central in G and G is generated by 

the elements not contained in N, it. follows that  there exists a point-stabilizer Y 

not containing N such that  Y ~ C a ( % ( G ) / L ) .  Hence Y T i ( G ) / L  is non-abelian. 
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Since clearly 72(Y?.i(G)) < ")i+t(a), it must be 72(YTi(G)/L)  = "/i+I(G)/L. Re- 
peated applications of Proposition 5(iii) yield that  Y')'i(G)/L is a sharp irredun- 

dant group of type {pn}. Then, by Proposition 8, ? 'T i (G) /L  is an extra-special 

p-group, whence p2, = iy.7~(G)/L : ~:2(Y'~(G)/L)I -- [Y~(G)  : -y~+a(G)[. By 

Theorem l(ii) we have that  IY?i(G) : 7i(G)[ = pn and so [~i(G) : ",/i+l(G)l = pn 
as claimed. Now note that  from Theorem 1 (ii) and from a theorem by Khukhro [7, 

Theorem 1.6.1], it follows that  no point-stabilizer not containing N eentrM- 

izes "~i(G)/L, since I',/i(G)/L 1 = pn+Z. Therefore, every point-stabilizer X not 

containing N can be taken in the place of the subgroup Y above and so we 

have that  ~'.i+l(G) = "~2(X~i(G)) for every point-stabilizer X not containing 

N. Since, by assumption, for j < i we have "/i(G) = ?i-j(X~/j+I(G)), it 

follows that  ?i+l(G) = ~/.2(X~/i(G)) < ~/i-j+I(X"/j+I(G)) <_ "7i+l(G), whence 

"~i+I(G) = ")'i-j+I(X')j+I(G)) as claimed. 

In order to prove that  the lower central series and the upper central series 

of G coincide, let L be a maximal subgroup of %(G) and let X be a point- 

stabilizer not containing N. By the same argument used to prove (**) we have 

that  X % ( G ) / L  is an extra-special p-group. It follows that  %(G) = Z(G). Thus 

if c = 2 we are done. If c > 2, then by Proposition 5(iii), G/Z(G)  is a non-abelian 

sharp irredundant p-group of finite type and the claim follows 

induction. 

In order to prove (iii), let H be a normal subgroup of G, H 

(ii), H n %(G) = H n Z(G) ¢ 1. By Proposition 5(iii), G = 

a sharp irredundant p-group of finite type. Then by inductive 

exists an index i such that  7~(G) _< H _< 7i+~(G). Hence 7i(G) 

as stated. 

Point (iv) is an immediate consequence of (iii) and Proposition 5(iii). 

immediately by 

_< G ~. By point 

G / H  fl %(a)  is 

hypothesis there 

_< g _< ~i+1 (G), 

Proof of Theorem 3: Let G be a finite non-abelian p-group, p > 2, with a 

faithful representation as a sharp irredundant group of type {k} on a set ft. 

Let [G : G'[ = pen. Let M be a maximal subgroup of G ~, normal in G. Then 

by Proposition 5(iii), G / M  has a faithful representation as a sharp irredundant 

group of type {k}. So by Proposition 8 it is all extra-special p-group of order 

p2n+l. Thus k = p" + ]Tr] - 1 for some partition lr of an elementary abelian 

p-group of order p'~ by Theorem 7 and the Remark after Theorem 7. 

Conversely, let 7r be a parti t ion of an elementary abelian p-group of order pe,~. 

Since Theorem 1 holds for G, the proof of the reverse implication of that  theorem 

shows that  G has a faithful representation as a sharp irredundant group of type 

{p'~ }. Then the argument used in the proof of Theorem 7 to show that  all extra- 
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special p-group of exponent p and order p'2,~+1 has a faithful representation as a 

sharp irredundant group of type {p" + I~l - 1 }  applies here and we get that G 

has a faithful representation as sharp irredundant group of type {p'~ + - 1 } .  

| 

5. E x a m p l e s  

Exan2ple 1: For each odd pr ime p and  posi t ive integers m, n wi th  n < p, there  

exists  a me t abe l i an  p-group of exponent  p, order  qn+l,  where q = pro, and  class 

n, which has a fai thful  represen ta t ion  as a sharp  i r redundan t  group of type  {q}. 

Proof." Let  p, m, n, q be as in the s t a tement .  Let  F be a field of order  q, Fp its 

pr ime subfield and set V = F ~ . 

In  the  r ing M ( n ,  q) of all  square  mat r ices  of degree n wi th  coefficients in F, we 

denote  by I the  iden t i ty  ma t r i x  and by Ji, i = 2 . . . . .  n the  m a t r i x  wi th  1 on the 

(i - 1) th  lower d iagonal  and  0 elsewhere. Then  .]y = J2i-1 for i _< (n + 1) /2  and 

j 2  = 0 for i > (n + 1)/2.  Let  a~ . . . . .  am be Fp- l inear ly  independen t  e lements  of 

F and define Ai = I +  aiJ.2 E M(n,q) ,  i = 1 . . . . .  m,  and  H = {A1 . . . . .  A,~} _< 

GL(n,q).  For each 1 _< i , j  <_ m we have t ha t  A~Aj = AjAi; moreover,  A~ has 

order  p. Hence H is an e l emen ta ry  abe l ian  p-group of order  p "  = q. 

Consider  the  usual  ac t ion  of H on V by r ight  mul t ip l i ca t ion  of row vectors,  

which we denote ,  using the exponent ia l  nota t ion ,  by v B for each v C V and 

B c H.  Define G to be the  semidi rec t  p roduc t  V >~ H with  respect  to this  act ion.  

I t  is easy to check tha t ,  for k = 2 . . . .  , n + 1, 

7k(G) = {(v~ . . . . .  vn) C Vivi = 0 for i = n -  k + 2 . . . . .  n} 

and  so G has n i lpo tency  class n. Since n < p, G is a regular  p-group and  so, 

being genera ted  by e lements  of order  p, it  has exponent  p. 

We c la im t h a t  Cv(g) = Z(G) for each g E G \ V. Trivial ly,  we have only to 

show tha t  C v ( g )  C_ Z(G). Let  g e G \ V .  Then  g = A ~ ' - - - A ~ ' ~ u ,  where u C V, 

a i  E Fp and  the 3, are not  all zero. Now A~ ~ . . .  ,4,~" = I + Y'~i=2 biJi, where 

bi C IF and b2 = ala~ + . . .  +ama, , .  Thus  b2 # 0, since the ai are Fp- l inear ly  

independent .  If  v = ( v l , . . . ,  v,~) E Cv(g),  then  we have 

n n - k + l  

O : [ v ' g ] : ( E b i v i  . . . . .  E bi?'i-l-k-I . . . . .  b2vn '  0 )  " 
- .i---2 i=2 

Therefore  z-. . i=2 bivi+k-1 = 0 for each k = 1 . . . . .  n - 1. Since b2 ¢ 0, it  follows 

tha t  vi = 0 for each i = 2 . . . . .  n, whence v E Z(G) as claimed.  
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Let  w = (0,1, 1) E V and for each x E F, i = 1,. , m ,  define w i 

= w 1 4 w ' '~  < G. It. is s t r a igh t fo rward  a l l a i x w .  Moreover,  set  H.r (AI :~ . . . . . .  ~ x ~ - 

to verify t ha t ,  for each :r E K H~ is an e l emen ta ry  abe l ian  p-group of order  

q and H,. A V  = 1. Moreover,  we c la im tha t ,  for every x , y  E F, g E G, 

condi t ion  Hx A H~ ¢ 1 implies x = y and g E Nc,(H.<.). To see this  let 

( A l w l )  c~ " ' "  (Arn.Wrm) ~'~ = [ ( A t w t )  '~t " • • (Amw2);7"']g b e  a non- t r iv ia l  e lement  

in Hx A H~, where, since G = VHy,  we may  take  g E V. Then  we have tha t  

A~'  • ~ ' '  A/i h • 4/3'' m o d V  • " d#7  % ~ -  " " x 171, 

whence c~i = /3 i  for each i = 1 . . . .  , m. Thus  we have t ha t  

(A wb °:,, °,,, modC' 

whence we get the  following relat ion,  which we wri te  in addi t ive  no t a t i on  since 

it involves only e lements  of V: 

c~ w " '  rood G ~ 

and so 

(o!la~labr + . . .  + o:mal lamx)w -- (o~lallalg + . . .  + o~maltamy)w m o d G ' .  

Thus,  since w ~ G ' ,  we have t ha t  a l ( x  - y)al + ""  + ct,,~(x - y)am = 0 in F. 

Since ai are Fp- l inear ly  independent  and  cti are not  all zero, we get t ha t  x = y. 

Therefore  g central izes the e lement  (A lw~)  a l . . .  ( A m w ~ )  Q .... g~ V and  so, by 

wha t  we proved above, g E Z(G).  Thus  g E NG(H,~.) = Z(G)H~, 

Now for each m E F, H.r has I G : N o ( H  r)] = q ~ - i  conjugates .  Therefore  

V U  U I-I.~ = q ' + q q ' ~ - l ( q - 1 ) - _ q ' ~ + t = [ a l .  
:eEF,gE(; 

Hence re = {V} tJ {Hglx E K g  E G} is a normal  pa r t i t i on  of G such t h a t  

]No(X)  : X I = q for each X Er r .  Fur the rmore ,  its conlponents  spl i t  into q + 1 

eonjugacy  classes. Therefore,  by Theo rem 1 in [4], G has  a fai thful  r ep resen ta t ion  

as a sharp  i r r edundan t  group of type  {q}. II 

Example 2: For each odd  pr ime  p and posi t ive  integers l, m, n, wi th  1 a divisor  

of m and n < p, there  exists  a n le t abe l i an  p-group  of exponent  p, order  pm(,~+l) 

and  class n, which has a fai thful  r epresen ta t ion  as a sharp  i r r edundan t  group of 

.rv"m/L r i }, where r = pt. t ype  tz_~i=l 
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P r o o f :  Let G be the group of Example 1 and let us use the same notat ion.  

Regard  G / V  as a vector space of  degree m / l  over a field with r = pZ elements 

Fr and let 7r be the par t i t ion of G / V  consisting of all subspaces of dimension 

1. Then  I~rl = 1 + r + - . .  + r re~l-1.  Therefore, by Theorem 3, G has a faithful 
i x - , m l l  representat ion as a sharp irredundant  group of type tZ_~i=l ri} • | 

Using Proposi t ion 5, other examples can be constructed as quotients of the 

groups given in the previous examples. 

We apply now the results of Theorem 1 and Theorem 2 to determine all irredun- 

dant  sharp non-abelian p-groups of order at most  ph, p _> 3. For the classification 

of p-groups of maximal  class and order at most  p5 we refer to [1]. 

E x a m p l e  3: A non-abelian p-group G of order at most  p 5  p > 3, can be faithfully 

represented as an irredundant  sharp group of finite type if and only if it is one 

of the following: 

(i) an extra-special p-group of order p3 or p5 and exponent p; 

(ii) G1 = ( a , b , c ,  dl[b,a] = c , [c ,a]  = d , [d ,a]  = [b,c] = [b,d] = [c,d] = 1, 

a p = b p = c p = d p = 1), where p > 3; 

(iii) G2 = ( a , b , c ,  dl[b,a] = c , [c ,a]  = d , [d ,a ]  = [b,c] = [b,d] = [e,d] = 1, 

b 3 = d - 1 , a  3 = c 3 = d 3 = 1); 

(iv) G3 = ( a , b , c , d ,  cl[b,a] = c , [c ,a]  = d , [d ,a ]  = e,[b,c] = e , [b ,d]  = [b,e] = 

[ c , d ] = [ c , e ] = [ d , e ] =  1 , a P = b ; = c  p = d p = e p = l ) ,  w h e r e  p > 3; 

(v) G4 = ( a , b , c , d ,  e l [b ,a  ] = c , [c ,a]  = d , [d ,a ]  = e ,[b ,c]  = [b,d] = [b,e] = 

[c, el] = [c, e I : [d, e I : 1, a 3 : d 3 : e 3 : 1, b 3 = d - l e ,  c 3 : e - l ) .  

P r o o f :  First of all we show tha t  the groups in (i)-(v) have a faithful represen- 

ta t ion as i r redundant  sharp groups of  finite type. In the case of  extra-special 

p-groups of  exponent  p, it follows from Theorem 7. If  G is one of the groups in 

(ii) (v), then it has maximal  class and so it satisfies the conditions of Theorem 1 

provided that ,  for every element g outside N = C c ( Z 2 ( G ) ) ,  g has order p and 

C N ( g )  = Z ( G ) .  In any case, an easy calculation shows tha t  C N ( 9 )  : Z(G)  for 

every element g ~ N.  Moreover, if G is as in (ii) or (iv), then it is a regular 

p-group and, since it is generated by elements of order p, it has exponent p. If  G 

is a 3-group as in (iii) or (v), then a acts on N as a splitting au tomorphism of 

order 3, tha t  is x x a x  a2 = 1 for each x C N. Hence, by a well known fact about  

splitting automorphisms (see [4, p. 824]), every element outside N has order 3. 

Let now G be an irredundant  sharp non-abelian p-group of finite type and 

order at most  p 5  p > 3. If  IGI = p 3  then G is an extra-special p-group of 

exponent  p. 
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Let IG[ = p4. Then  by Theo rem 1, ]G : G'[ = p2 and by Theo rem 2(ii), G has 

class 3. By a result  by Blackburn [1, p. 88] any group of order p4 and class 3 has 

the presenta t ion 

G = ( a , b , c ,  d l[b ,a  ] = c , [c ,a]  = d , [d ,a]  = [b,e] = [b,d] = [e,d] = 1, 

a p = d 5, bPd(g) = d "~, c p = d p = 1) 

where 5 and 7 are suitable integers. 

By Theorem l(ii) ,  the normal  componen t  N must  coincide with C c ( ' 7 2 ( G ) )  

and every element outside N has order p. If  p > 3, then G is a regular p-group 

and, since it has a non-tr ivial  par t i t ion,  it nmst  have exponent  p. Hence we nmst  

have (f = 7 = 0. Thus  G is the group G1. If  p = 3, then the presentat ion of G 

becomes 

G = (a, b, c, dlib, a I = e, [e, a] = d, [d, a] = [b, c] = [b, eli = [c, eli = 1, 

a 3 = d 5 ,b3d  = d 7 , c  3 = d 3 = 1). 

Then  N = (b, c, d) and (ab) 3 = d~. Since every element outside N must  have 

order  3, we must  have 5 = 3' = 0. Thus  G is the group Ge. 

Let IGI = pS. By Theorem 1, IG : a ' l  = p U  or p4. If  I a  : a ' l  -- p 4  then 

IG~I = p and so, by Proposi t ion  8, G is the extra-special  group of order p5 and 

exponent  p. So let sis assume IG : a ' l  = pU. Then  by Theorem 2, G has class 4 

and,  by T h e o r e m  1, the subgroup N coincides with C a ( 7 3 ( G ) )  and every element 

outside N has order p. 

If  p > 3, then  by [1, p. 88], G has the  presentat ion 

G = ( a , b , c , d ,  e l[b ,a  ] = c, [c,a] = el, [d ,a  I = e, [b,c] = e, [b,d] = [b,e I = 1, 
p p p p p p P 

a p = e a, bPc(~)d(a)e(4) = e q', cPd(2)e(a) = 1, d e(2) = 1, el" = 1) 

where 7, (f are suitable integers. Since p > 3, G is a regular p-group,  and since it 

has a non-tr ivial  par t i t ion  it nmst  have exponent  p. Hence the previous presen- 

ta t ion  becomes 

e = (a,  b, c, d, el[b, a] = e, [e, a I = d, [d, a I = e, [b, c] = e, [b, d I = [b, e I = 1, 

a p = b p = c p = d p = e p = 1}, 

t ha t  is G is the group Ga. 

If  p = 3, then by [1, p. 88], G has the presentat ion 

a = ( a , b , c , d ,  e l[b ,a  ] = c, [c,a] = el, [d,a] = e, [b,c] = e ~, [b,d] = [b,e] = 1, 

a 3 = e ~, bacad = e ~, cadae = 1, dae 3 = 1, d 3 = 1) 
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where e i t h e r / 5 = l , 7 = 0 ,  a = 0 , 1 , 2 o r / 5 = a = 0 , 7 = l o r / 5 = ' ? = 0 ,  a = 0 , 1 .  

In any case N = (b, c, d, e} and (ab) a = e z+~+a. Since a and ab must  have 

order 3, it must  be /5  = ~ = 5 = 0. Hence G is the group G4. | 

Let us now determine all values of k < pa such tha t  there exists an i r redundant  

sharp  non-abel ian p-group of type  {k}. According to Theorem 3 we need to know 

the cardinali t ies of all non-tr ivial  par t i t ions  of e lementary  abel ian p-groups of 

order at  most  p4. 

Let  A be an e lementary  abel ian p-group of order p~, n > 2. 

If  n = 2, then  the set of all subgroups of order p is the only nomtr iv ia l  par t i t ion  

of A. I t  has cardinal i ty p + 1. 

Let  n = 3. The  cardinali t ies of  non-tr ivial  par t i t ions  of A are: 

p2 + p + 1, if the par t i t ion  consists of subgroups of order p; 

p :  + 1, if the par t i t ion  contains a subgroup of order p2. 

Let  n = 4. The  cardinalit ies of non-tr ivial  par t i t ions  of A are: 

p3 + p2 + p + 1, if the par t i t ion  consists of subgroups of order p; 

p3 + 1, if the par t i t ion  contains a subgroup of order p3; 

pa + p 2  _ (m - 1)p + 1, for 1 _< m _< p2 + 1, if the par t i t ion  consists of  m subgroups  

of order p2 (which are one-dimensional  subspaces of A regarded as a vector  space 

of dimension 2 over the field with p2 elements) and (p + 1)(1 +p2  _ m) subgroups  

of order p. 
Hence possible values for k are: p, p2 p2 + p, pa p3 + p2,p3 + p: + p, p4 and 

p4 + pa + p2 _ (m - 1)p, for 1 _< m < p2 + 1. Example  1 and Theorem 3 assure 
tha t  for each such number  k there is an i r redundant  sharp  non-abel ian p-group 
of type  {k}. 
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